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EQUIVARIANT COHOMOLOGY AND CURRENT ALGEBRAS 



ANTON ALEKSEEV AND PAVOL SEVERA 



Abstract. This paper touches upon two big themes, equivariant cohomology 

and current algebras. Our first main result is as follows: we define a pair of cur- 

?-H ' rent algebra functor which assigns Lie algebras (a current algebras) CA{M, A) 

and SA{M, A) to a manifold M and a differential graded Lie algebra (DGLA) 
A. The functors CA and <S^ are contravariant with respect to M and co- 
variant with respect to A. li A = Cg, the cone of a Lie algebra g spanned 
OO ' by Lie derivatives L{x) and contractions I{x) {x G g) and satisfying the Car- 

tan's magic formula [d,I{x)\ = L{x), the corresponding current algebras coin- 
. . cide, and they are equal to CA{M, Cg) = SA{M, Cg) = C°°{M,g) the space 

y_jj ' of smooth g-valued functions on M with the pointwise Lie bracket. Other 

^\ ' examples include affine Lie algebras on the circle and Faddeev-Mickelsson- 

^i , Shatashvili (EMS) extensions of higher-dimensional current algebras. 

r^ ■ The second set of results is related to the construction of a new DGLA Dg 

assigned to a Lie algebra g. It is generated by L{x) and I{x) (similarly to 
Cg) and by higher contractions I{x^), I(x^) etc. Similarly to Cg, Dg can be 
used in building differential models of equivariant cohomology. In particular, 
twisted equivariant cohomology (including twists by 3-cocycles and higher odd 
cocycles) finds a natural place in this new framework. The DGLA Dg admits 
a family of central extensions DpQ parametrized by homogeneous invariant 
polynomials p g (Sg*)". There is a Lie homomorphism from CA{1\I, DpQ) to 
the FMS current algebra defined by p. 

Let G be a Lie group integrating the Lie algebra g. The current algebras 
SAiM,Ds} and SA{M, Dpg) integrate to groups DG(M) and DpG(M). As a 
topological application, we consider principal G-bundles, and for every homo- 
^^„ ■ geneous polynomial p G (Sg*)B we pose a lifting problem (defined in terms of 

f^ ' DG{M) and DpG{M)) with the only obstruction the Chern-Weil class cw(p). 

f^^ ' In the case of M a sphere, we study integration of of the current algebra 

CA(M, DpQ). It turns out that the corresponding group is a central extension 
of DG{M). Under certain conditions on the polynomial p, this is a central 
extension by a circle. 



1. Introduction 

This paper has two main themes: differential models of equivariant cohomology 
and current algebras. 

Our first main result is the construction of the current algebra functor CA which 
associates a Lie algebra (a current algebra) CA{M, A) to a pair of a manifold M 
and a differential graded Lie algebra (DGLA) A. The functor CA is contravariant 
with respect to M and covariant with respect to A. As a vector space, 



CA{M,A) ^ {n{M) A)-^/{n{M) eg) A)^^^ 



exact • 



Here ft{M) stands for differential forms on M. The Lie bracket of CA{M, A) is 
defined by the derived bracket construction of [9]. 

1 
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Another natural current algebra functor is given by 

SA{M,A) = iniM^Af,,,,,^. 

If A is acyclic as a complex, CA{M, A) and SA{M, A) are naturally isomorphic to 
each other. In contrast to CA{M, A), the construction of SA{M, A) is local, hence 
it defines a sheaf of Lie algebras on M. 

Let be a finite-dimensional Lie algebra, and Cg be a DGLA spanned in de- 
gree zero by Lie derivatives L{x) and in degree —1 be contractions I{x) for x G Q. 
The differential on Cg is defined by the Cartan's magic formula [d,I{x)] = L{x). 
The corresponding current algebra CA{M, Cq) is isomorphic to the space of maps 
C°°{M,q) with the pointwise Lie bracket. Other examples of current algebras in- 
clude afhne Lie algebras over the circle and Faddeev-Mickelsson-Shatashvili (FMS) 
extensions of C°° (M, q) for dim(Af ) > 3 (for the definition of FMS current algebras, 

see mEmi]). 

The DGLA Cg is the basis of Cartan's construction of differential models of 
equivariant cohomology. In more detail, let G be a compact connected Lie group 
with Lie algebra g and M be a manifold acted by G. Then, the cochain complex 
f2(M) carries a compatible Cg-action (defined by Lie derivatives and contractions). 
By Cartan's theorem, the equivariant cohomology Hg{M,M) coincides with the 
cohomology of {Wq ^ V,{M))'^^, where Wg = Sq* ® Ag* is the Weil algebra. The 
Cg-action and the differential on Wq (g) f2(M) can be chosen in two different ways 
which are called Weil and Cartan differential models of equivariant cohomology 
(see [2], and [7] for a modern review). The equivalence between the two models is 
established by the Kalkman map induced by a group-like element (f> £ WQ(!!^U{Cg). 

Our second observation is that for Wg (8> ^{M) to carry a differential and a 
compatible Cg-action it is not necessary for n{M) to be a Cg-module. Instead, it 
may be a module under the action of a bigger DGLA Dq (see Theorem[5]) . The latter 
has generators L{x) and I{x) (similar to Cq), and also contains 'higher contractions' 
I{x'^), I{x^) etc. In general, for every Z?g-module V we obtain a differential and 
a compatible Cg-action on Wg ^ V. One can define the equivariant cohomology 
of V as the cohomology of {Wq (g) V)^^. Again, there are two different models of 
equivariant cohomology, and the equivalence is established by the Kalkman-type 
twist induced by a group-like element $ G Wq ®U{Dq) (see Theorem [3]). Among 
other things, the element $ contains the information about chains of transgression 
for all invariant polynomials p € (Sg*)^ (a chain of transgression is an element 
e e Wg such that dwe = p®l, where dw is the Weil differential on Wg). 

One set of examples is provided by the theory of twisted equivariant cohomology. 
In more detail, in the Cartan model of equivariant cohomology an equivariant 
cocycle on M is an element uj{t) e {Sq* il{M))^ which is closed under the 
Cartan differential d^ = d — I{t). Generators of Sq* have degree 2, and we view 
equivariant differential forms as polynomial functions on g and put t £ g. li uj{t) 
is an equivariant 3-cocycle, it can be written in the form uj{t) = a;3 -I- uji{t), where 
ws G rj3(M)s and uji G (g* n^{M)Y. This allows to twist the differential and 
the Cq action on fl{M) in the following way: 

d ^ d + UJ3 , I{x) — I{x) + uji{x) , L{x) — L{x). 
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This twisted action finds its use in the theory of group valued moment maps (see 
e.g. [I]). It is intimately related to twisting of the Cartan's differential 

(1) d^=d^+u:{t), 

and to the theory of twisted equivariant cohomology [B]. The Cartan differential 
can be twisted by odd equivariant cocycles of higher degree. But the twist of the 
Cg action on J7(Af ) does not generalize to this case. Instead, one should consider 
a twist of a certain ZJg- action on 51 (M). 

In contrast to Cq, Dq admits many central extensions. Under certain assump- 
tions, these central extensions are classified by homogeneous invariant polynomials 
p e (5*0*)^ (see Theorem|4|), and we use notation DpQ for the central extension de- 
fined by the polynomial p. li p is of degree two, the extension descends to Cg,and 
the new Lie bracket of contractions is given by [I{x), I{y)] = p{x, y)c (here c is the 
central generator). If p of degree three and higher, one has to use Dq to describe 
the corresponding central extension. One result relating the two parts of the paper 
is as follows: there is a Lie homomorphism from the current algebra CA{M, DpQ) 
to the FMS current algebra on M defined by the invariant polynomial p. For p of 
degree two and M — S^ , CA{S^ ,DpQ) coincides with the standard central extension 
of the loop algebra Lq = C°° (5*^,0). 

The DGLA Dq is acyclic (see Theorem [ij. Hence, the current algebra functors 
CA and SA coincide, and they define a sheaf of Lie algebras SA{M,Dq). If G 
is a connected Lie group with Lie algebras g, one can integrate SA{M, Dq) to a 
sheaf of groups DG{M). We define the gauge groupoid Q{M) as the set of q- 
connections A G Q{M) — Vl^{M) ® q together with gauge transformations A ^^ 
Adg-iA -|- g~^dg. It turns out that the generalized Kalkman element $ defines 
a morphism of groupoids fj, : §{M) -^ DG{M) (see Theorem [6]). Both g{M) 
and DG{M) admit a family of central extensions by ^(^)ck,^od defined by an 
invariant homogeneous polynomial p G {S"'q*)^. The morphism p admits lifts to 
fJ-p ■ Gp{M) — >• DpG{M). As a topological application, we consider the theory 
of I?G(M)-torsors. Their isomorphism classes are classified by the isomorphism 
classes of underlying principal G-bundles. It turns out that a _DG'(M)-torsor lifts 
to a Z?pG'(M)-torsor if and only if the Chcrn-Weil class cw{p) vanishes (see Theorem 

The DGLA DpQ is not acyclic. Let p be an invariant polynomial of degree n and 
rjp G H'^'^~^{G,M.) its image under the transgression map. We integrate the current 
algebra CA{M, DpQ) in the case of M = S^"^~^ a sphere of dimension 2n — 3. The 
resulting group is a central extension of DG{S^'^~^) by R/im(n) (see Theorem[9]), 
where 11 : 7r2„_i (G, Z) — >■ R is the map defined by integration of the class rjp. If G is 
a compact connected and simply connected Lie group and p is a generator of (S'+g)^ 
(with the exception of some special cases for G = SO{2k)) , then im(n) = S^ and 
one obtains a central extension by a circle. 

The structure of the paper is as follows. In Section 2, we recall Cartan and Weil 
differential models of equivariant cohomology. In Section 3, we define the DGLA 
Dq, establish the fact that it's acyclic, and show that a structure of a I?g- module 
on V gives rise to a structure of a Gg-module on Wq O V. In Section 4, we discuss 
central extensions of Dq and construct homomorphisms from Dq to other DGLAs. 
In Section 5, we define and discuss properties of the current algebra functors CA 
and SA. In Section 6, we discuss sheaves of groups DG{M) and DpG{M) and 
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study torsors over these sheaves of groups. In Section 7, we integrate to a group 
the Lie algebra CA{M, DpQ) in the case of M being a sphere. 

Acknowledgements. We are grateful to P. Bressler, E. Getzler, E. Meinrenken, 
J. Mickelsson, B. Tsygan and C. Vizman for useful discussions. Our research was 
supported in part by the grants 200020-126817 and 200020-129609 of the Swiss 
National Science Foundation. 



2. Differential models of equivariant cohomology 

In this section, we recall Cartan and Weil differential models of equivariant 
cohomology (for details, see [7]). For completeness, we include some proofs which 
resemble more difficult proofs in other sections. 

Let g be a Lie algebra. The cone of g is the differential graded Lie algebra 
(DGLA) Cq — Q[e\ — Q ® QE, where e is an auxihary variable of degree —1. The 
Lie bracket of Cq is induced by the Lie bracket of g, and the differential given by 
d/de. For x € g, we denote by L{x) the element x € Cq and by I{x) the element 
xe £ Cq. They satisfy the standard relations dl{x) = L{x), [L{x),I{y)] = I{[x,y]), 
[/(x),/(y)]=0, [L(a:),i(y)]=L([x,y]). 

In general, a module over a DGLA A is a cochain complex V equipped with a 
DGLA homomorphism A — s- End(F). To define a Cg-module, one needs Lv{x) € 
End(F)° and Iv{x) £ End(y)~^ verifying the defining relations of Cq. A Cg- 
module is also called a g-differential space. If T^ is a graded commutative differential 
algebra, and the action of Cq is by derivations, one says that T^ is a g-differential 
algebra. 

Let G be a connected Lie group with Lie algebra g and M be a manifold acted 
by G. Then, Cq acts by derivations on differential forms il{M), L{x) acting by 
Lie derivatives and I{x) acting by contractions. This action turns il{M) into a 
g-differential algebra. Another basic example of a g-differential algebra is the Weil 
algebra Wq = Sq* ® Ag* which serves as a model for differential forms on the 
total space of the classifying G-bundle EC. The action of L{x) is by the diagonal 
coadjoint action (extended to Sq* and Ag*), and the action oi I{x) is by contractions 
on Ag*. Let us choose a basis Ca of g with structure constants [ca, eb] = fat^c- We 
shall denote the generators of Ag* by 0° (this is a dual basis in g*) and the generators 
of Sq* by i". The Weil differential is the unique degree one derivation of Wq such 
that 



do" = e - -.f^,e''e 



One can also choose 0° and dS" as generators of Wq. Then, it is identified with 
the Koszul algebra of the graded vector space g*[— 1]. Thus, H^{Wq) = M and 
H'{Wq) = for i > 1. 

Sometimes it is convenient to consider a bigger DGLA Wq^Cq with Lie bracket 
induced by the one of Cq and the differential d — dwg + dcg. Consider elements 
L{9) = 9''L{ea),I{t) = i'^/(ea) eWQ^ Cq. 

Proposition 1. I{t) — L{9) E Wq Cg) Cq is a Maurer-Cartan element. 
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Proof. On the one hand, 

dcsdit) - L{9)) - dcsif'Iiea) - e'^Liea)) 

dws{l{t) - L{9)) - dwsif'Iiea) - O'^Liea)) 



Hence, 



-n,eH^i{ea) - f'Liea) + IfS^e'e^Liea). 



d{i{t) - Lie)) = ^j^,eh-i{ea) + i/»y0^L(e„). 



On the other hand, 

[I{t) - L{e),I{t) - L{9)] - [t'lieb) - 9'L{eb),t-I{e,) - 9-L{e,)] 

= ne0'O'L{ea) - 2f^,eh-I{ea). 
In conclusion, we obtain 

d{i{t) - Lie)) = i[/(t) - Lie), m - Lie)], 

as required. D 

Let UiCo) be the degree completed universal enveloping algebra of Cg equipped 
with the standard coproduct. Then, Wq (g) UiCg) is a Hopf algebra over Wq. 
Consider a degree zero group-like element (f> = exp(— 7(0)) G {Wq ® Z//(Cg)) . 

Proposition 2. 0-^0 = -/(t) + Lie). 

Proof. We denote (f) ~ exp(a), where a = —lie) = — f?"/(ea). We have, 

(/)^ dcf) ~ — da = da [a, da] , 

ada 2 

where we have used the standard formula for the derivative of the exponential map 
and have taken into account that [a, [a, da]] — 0. We compute, 

da = -rf(r/(ej) 

= -dwsiO^Hea)) - dc'siO^Iiea)) 

= -eiiea) + i/,« 0^0=/(e,) + rL(e„) , 
-\[a,da]^]^[e''Iie,),e-Lie,)] 



Hence, 



-^-f^^e^e^iie,). 



cp-^dcp = -f'liea) + rL(e„) = -/(t) + Lie). 



a 



For a Cg- module V, the basic subcomplex is defined as F'^s If M ^ B is 
a principal G-bundle, the basic subcomplex is isomorphic to il(i3). For the Weil 
algebra Wg, the basic subcomplex is equal to (5*0*)^ with vanishing differential. 
By definition, the equivariant cohomology of a Cg-module V is 

HgiV) := HHWq ® V)^^,dws + dv)- 
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This construction is usually referred to as the Weil model of equivariant cohomol- 
ogy. If V admits the structure of a W^g-module compatible with the Cg-action then 
Hg{V) = H{V^^,dv). In particular, Hg{WQ) = (S'g*)^. If G is a compact con- 
nected Lie group and M is a G-manifold, Cartan's theorem states that iJg(il(M)) is 
isomorphic to the equivariant cohomology Hg{M, M) = H{{EG x M)/G, M.) defined 
by the Borel construction (here EG is the total space of the classifying G-bundle) . 
If M — > i? is a principal G-bundle, then every principal connection gives rise 
to a homomorphism of g-differential algebras j : Wq — ?> f2(Af). The image of 
0°'ea 6 Wg (g) g is the connection 1-form and the image of i^Ca is the corresponding 
curvature 2-form. Since j makes n{M) to a W^g-module, we have an isomorphism 

This is in accordance with Cartan's theorem, as {EGxM)/G = EGxB is homotopy 
equivalent to B. 

The Kalkman map (jfy — exp(— 0a/v'(ea)) is a natural automorphism of Wq(>^V. 
It transforms the differential and the action of /'s in the following way, 

/now(a;) = (j)y^{Iwg{x) + Iv{x))(t>v = Iv{x), 

rfnow = 0y"^(rfwB + dv)4>V = dwg + dy - Iv{t) + Lv{9). 

Here in computing dncw we have used Proposition [21 In this way, one obtains the 
Cartan model of equivariant cohomology. In this model, {Wq®V)'~^^ = {Sg*'S^V)^ 
and the differential takes the form 

dg = dv - Iv{t)- 

Remark. Since the Gg-action on the Weil algebra Wq is free, we have Hq{Wq) = 
H{{Wg)^s) = (5g*)B. In the Cartan model, we obtain Hg{Wg) = H{Sq* (g) 
Wg,dg). Let p G (5"g*)3. Then, the cocycle p® I - 1 ® p G (5g* (g) W^g)^ 
belongs to the trivial cohomology class (since p®l — l®p i—^ 1-p — p-l — under 
the product map). One can therefore find an element e G (•S'g* O W^g)^ such that 
rfgC = p(ijl -l®p. 

In this example, we denote the generators of Sq* by t°- , and the generators of 
Wq by 9°^ and f^ . For n — 2, one can choose an element e in the form 

e = -L{t + },d)-^p{e,[e,b 

where t = fcaj = fea and 9 = O'^Ca- Putting t = yields et=o = -p{f,0) + 
^p{9, [9, 9]) which is a primitive of — _p(/, /) G Wq. 

3. The DGLA Dq 

Let g be a Lie algebra. In this section, we define a new DGLA Dq which can be 
used instead of the Gg in differential models of equivariant cohomology. Roughly 
speaking, we are replacing ge = {Cq)~~^ by its canonical free resolution. 

3.1. Definition and basic properties of Dq. Let F be a negatively graded 
vector space V = ®n<ol^" with finite-dimensional graded components F". We 
denote by C{V) the graded free Lie algebra generated by V. The graded components 
of C{V) are also finite-dimensional. 

Let g be a finite-dimensional Lie algebra and S^q be the graded vector space 
®n>i<S'"'g with the degree defined by formula deg5'"g = 1 — 2n. We define the 
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graded Lie algebra Dg as a semi-direct sum g k C{S^g), where elements of g have 
degree zero, and the action of g on C{S^g) is induced by the adjoint action. 

One can also view Dg as a graded Lie algebra defined by generators l{x) for 
X £ g and I{u) for u G S^g, and relations [l{x),l{y)] = l{[x,y]) and [l{x),I{u)] = 
I{sidx{u)). For x G g, it is convenient to introduce the generating function 

oo 
fc=l 

Remark. Low degree graded components of Dg are as follows: Dg^ ^ g with gen- 
erators l{x), Dg~^ = g with generators I(x) , Dg~^ = S^g spanned by [I{x),I{y)], 
Dg^3 ^ ^2g ker(g Cg) S'^g — J^ S^g), where S^g is spanned by I{xy), the map 
g ® 5'^g — > S''^g is the symmetrization, and ker(g (g) S^g — > S^g) is spanned by 
[I{x), [I{y),I{z)]] (subject to the Jacobi identity). 

Proposition 3. The operator d G End (Dg) defined by equations dl{x) = and 

(2) di{x)^[i{x),i{x)]/2 + l{x) 

makes Dg into a differential graded Lie algebra. 

Proof. The defining relations of Dg express the invariance of the definition under 
the adjoint g-action. Since equation ([2]) is invariant under this action, it defines a 
derivation of Dg 

Next, we need to verify that d^ = 0. Indeed, 

d^i{x) ^ d{[i(x),i{x)]/2 + l{x)) = [di{x),i(x)] 

= {{i{x),i{x)\l2 + l{x),i{x)\ = [[i(a;),i(x)],i(x)]/2 = 0, 
where the last equality follows from the Jacobi identity. D 

Remark. In low degrees, the differential is defined by the Cartan's magic formula 
dl{x) — l{x) for X G g, and by its higher analogues such as 

dl{xy) ^]^[I{x),I{y)] , dI{x'')^[T{x),I{x^)]. 

More generally, for A; > 2 we have 

fe-i 
dX{x^) = -Y,[I{x%I{x^-^)]. 

s=l 

Proposition 4. There is a canonical projection of DGLAs tt : Dg — > Cg defined 
on generators by l{x) i-4 L{x),X{x) t— >■ I{x) and I{x^) !—>■ for k > 2. 

Proof. The defining relations of Dg is a subset of the defining relations of Cg. 
Hence, tt is a homomorphism of graded Lie algebras. Then, we have TT(i{x)) = I{x), 
and 

7r{dt{x)) = 7r{^[iix), i{x)] + l{x)) - i[/(x), /(x)] + i(x) = L{x) = dn{i(x)), 

as required. D 

Note that i can be also viewed as a formal map g[2] — ;> Dg of degree one. For a 
DGLA A, defining a DGLA homomorphism Dg — > A is equivalent to giving a Lie 
homomorphism I : g ^ A and a formal map i : g[2\ ^ A oi degree one such that 
i(0) = and such that the identity ^ is satisfied. The maps I and i define the 
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tautological isomorphism Dq — > Dq. Another example is given by the canonical 
projection tt : Dg — ?> Cg with i{x) = I{x) and l{x) ~ L{x). 

Theorem 1. As a complex, Dg is acyclic. 

We need the following auxiliary statement. 

Proposition 5. The cohomology of the DGLA C{S^g) with differential defined by 
formula di(x) — [i(a;), i(x)]/2 is equal to g = S^g C S'^g. 

Indeed, C{S'^g) is the canonical free resolution of g[l] (for the standard reference, 
see [B|). For convenience of the reader, we include the proof due to Drinfeld [3]. 
We assume that g is a finite-dimensional Lie algebra. 

Proof. Let us consider the differential graded associative algebra U{L{S^g)) ~ 
T{S^g). We will be using the natural grading on S^g defined by formula deg S^g — 
I. With respect to this grading, the differential is of degree zero, and we thus have 
T{S^g) = 0^0 ^" ^^ ^ direct sum of complexes. 

Let /" be the standard n-dimensional cube, and consider the following simplicial 
complex representing /" modulo the boundary. Degree k simplices are labeled by 
surjective maps 

a: {l,...,n} ^{l,...,fc}. 
The geometric simplex labeled by a is singled out by conditions (xi, . . . , Xn) S I"", 
Xi = Xj if a{i) = a{j), and Xi < Xj if a{i) < cr{j). Informally, one can represent it 
by inequalities 

< a;^-i(i) < 2:^-1(2) < ' • • < x„-i(^k) < 1, 
where Xcr-i{i) stands for all Xj with (t(j) = i (they are all equal to each other). 
We denote by [a] the simplex associated to a. The standard boundary operator 
(modulo 9/") has the form 9[cr] — J2i=i (~1)'^^[^!]j where ai{l) = a{l) if a{l) < i 
and ai{l) — (j{l) — 1 if a-{l) > i (that is, ai is gluing together the pre-images of i 
and i + l). 

Denote by C" the corresponding simplicial cochain complex. We consider the 
basis of simplicial cochains dual to the basis of chains formed by [a] , and denote the 
basis element dual to [cr] by [a] . The differential of a degree k cochain has the form 
d[a] ~ '^i=ii^^y^^[^i]j where ai stands for the sum of all maps obtained from a 
by splitting the pre-image of i into two non-empty subsets (the new pre-images of 
i and i -I- 1). The cohomology of C" is one-dimensional, and it is concentrated in 
degree n, H{C^) ^ H{I",dI") = R[— n]. The permutation group 5„ acts on /" 
preserving its boundary and the simplicial decomposition. The induced action on 
the cohomology H{C'^) is given by the signature representation. 

Define a map ( : (C" ® g'^^)[2n] -^ r„ by formula 

where ni — \a~^{i)\. Under the grading where degS'^g = 1 — 2/, this map is degree 
preserving (both sides have degree k — 2n). Furthermore, it is invariant under the 
diagonal action of S'„ on C" and on g®". It is easy to see that on the S^-invariant 
subspace it restricts to an isomorphism (C"(8>0'^")'^"[2n] = T„. Moreover, this is an 
isomorphism of complexes. We illustrate this statement by the following example: 
let n = 2, and let a : {1, 2} -^ {1} be the map gluing 1 and 2. Then, d[a] — [e] + [s]. 
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where e is the neutral element of S2 and s is the transposition of 1 and 2. Choosing 
ai = a2 = X, we compute 

C(d[a] (g) (x (g) x) j = c(([e] + [s]) (g) (a; (g) x) j = - (a; g) x + x g) x) = x ig) cc, 

and 

dC([o'] i^) (x g)x)j = dx^ = X g)x. 
Thus, for the cohomology of r„ we obtain 

H{T„) ^ i/((C" 0®")^"[2n]) = (i/(C") ® 0®")^"[2n] = A"0[n]. 

Here we used the fact that H{C") carries the signature representation in degree n. 
Note that the cohomology of r(S'+0) is isomorphic to ©^o''^"fl[^] = '^'(flll])- Since 
the symmetrization map Sym : 5(£(S'^g)) — > T{S'^q) is an isomorphism of com- 
plexes, we have s(h{C{S+2))) ^ H{T{S+q)). By comparing with H{T{S+9)) ^ 

5'(0[1]), we infer that _ff^^(£(5+0)) = 0. For dimensional reasons, if^'''(£(S'+0)) 
vanishes for fc > 2 (here we are using the fact that the dimension of is finite) . D 

Proof of Theorem\l\ Let us consider the DGLA Dqs (s G M), which is isomorphic 
to Dq as a graded Lie algebra, and the differential is modified as follows, 

di{x) = [i(x), i(x)]/2 + sl{x), dl{x) = 0. 

By Proposition [5l we have H°{Dqo) ~ H^^{Dgo) ~ 0, H^(Dqo) = otherwise. 

Notice now that Dg ~ Dqs whenever s ^ (the isomorphism is given by re- 
defining i{t) to be i{st), i.e. by multiplying each 5"0 by s"). Since the cohomology 
cannot increase under a small deformation, we only need to check what happens 
in degrees —1 and 0. The differential = {Dqs)^^ -^ Q = {DQs)^ is given by 
multiplication by s, hence the cohomology vanishes for s ^ 0. D 

Remark. Since Dg is acyclic, it can be represented (as a complex) as a cone of 
some graded vector space, Dg = CV , where the low degree graded components of 
V are of the form V° "^ g,V^ ^ 0, V"^ ^ 5^0, V^ ^ ker(0 g) S'^g -^ S^g) etc. 

For the future use, we shall consider a bigger DGLA, Wg ® Dg with differential 
dws+dos and the Lie bracket induced by the Lie bracket of Z?0. Let i{t) G Wg®Dg 
denote the element 

i{t) =e® I{ea) + tH"" ® I{eaeb) + f'th" g) I{eaebec) + ■■■■ 

Proposition 6. i{t) — l{6) £ Wg g) Dg is a Maurer-Cartan element. 

Proof. The proof is similar to the one of Proposition [TJ We compute directly in 
shorthand notation, 

1, 





dDz{i{t) -1 


m) = ; 


^m, 


i{t)]+i{t), 










dw^iKi) - ' 


m) = - 


-im 


^,^t)]-l{t) + ^l{[9,9\ 


1), 




where? ([6*, 6*]) = 


^ fa.O'^d'liec) 


. Addin 


g up these two expressions 


we obtain. 




d{i{t)~m) 


^lm,Kt)\ 


1 - im. 


^m^ 


^li{[o,&])- 


^\W)- 


-m,m~ 


m 


as required. 

















D 
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3.2. Modules over the Weil algebra and Dg-modules. A module over the 
DGLA Dq is a cocliain complex V and a DGLA homomorphism Dq -^ End(V^). We 
shall denote the corresponding generating functions by iv{t) and lv{t) (they stand 
for i and I of the previous section) . The following proposition is our motivation for 
introducing Dg. 

Theorem 2. 

1. Let V be a Dg-module. Then, the free W Q-module U — Wq (X) V endowed with 
the differential 

(3) du = dwg + dv - iv{t) + lv{d) 

carries a compatible Cg- action given by formulas 

(4a) Iu{x)=Iws{x) 

(4b) Lu{x):^Lws{x) + lv{x) 

for X e Q. 

2. Let U be a free (that is, isomorphic to Wq ® V for some graded vector space 
V ) W Q-module with a compatible CQ-action. Suppose that one can choose an 
isomorphism Sq* ®ws ^ — ^9* ® V in such a way that the action of Q splits 
into the standard action on Sq* and an action ly on V . Then, V is naturally 
a DQ-module and U is naturally isomorphic to the WQ-module described in part 
1. 

Proof. For the first statement, note that by Proposition [B] the combination iv{t) — 
lv{0) is a Maurer-Cartan element in WQ®Yjivd{V). Hence, djj defined by equation 
^ squares to zero, d^j — 0. We shall also check Cartan's formula: 

[du,Iu{x)] = [dwQ +dv -iv{t) + W [0) Jw q{x)\ 
= [dwsJwg{x)] + [lv{0),Lws{x)] 
= Lwsix) +lv{x), 

as required. It is easy to see that other relation of Cq are also verified. 

For the second statement, let us start with the isomorphism Sq* ®ws U = 
Sq* V for which the g-action splits, and denote the action of g on F by ly- Since 
Iwsie^a) = de<i (ca is a basis of g), there is a unique extension of this isomorphism 
to U = Wq (g) F so that Iu{x) = Lws){x) (this is the so-called Kalkman trick). We 
thus have 

(5a) du = dwg+ S{6,t) 

d 
(5b) i^(^x)^Lwsix)=x'' — 

85 

(5c) Lu{x) = [du, Iu{x)] = Lwsix) + ^^"^ 

for some S € {Wq ® End(T^))^. This implies 

[Lu{x),Iu{y)]^Iu{[xM) + ^''y'Q^- 

Hence, 6 is at most linear in 9's. Moreover, from ([5c|) we see that the 0-linear part 
of 6 is in fact equal to lv{d)- 



= 4 = 4- Mv,*y(t)] + 7;[iv{t), ivit)] + lv{t). 
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Let US now write 6 as 6{9,t) ~ dy — i{t) + l{6), where dy ~ (5(0,0) and i{t) = 
(5(0,0) — (5(0, t). Then, the condition d^j — reads (using the action of dwg on t 
and 6*) 

5i 

Putting t — yields dy = 0, and the remaining part of the equation gives 
[dv,i{t)] = [iv{t),i{t)]/2 + lv{t). Hence, iy and ly define a DGLA homomorphism 
Dq — > End(F), as required. D 

Remark. Notice that the differential (O and the action ((4]) of Cg resemble the 
differential and the Cg-action in the Cartan model of equivariant cohomology. Later 
in this section, we shall find a natural endomorphism of U which transforms djj 
into diyg + dv and thus gives an analogue of the Weil model. 

Since C/ is a VFg-module, we have H^iU) ^ H{U^s). Here C/'^s ^ {Sq* ® V)^ 
with differential d^ = dy — «y(t). Assume that the Dg-action on V is induced by 
a Cg-action via the canonical projection tt : Dq -^ Cg. Then, iv{t) = /y(t) and 
{Sg* ^ V)^ with differential dg = dy - Iv{t) is the Cartan model of Hg{V). 

We shall now transform the differential ^ onU = Wq ® V into dwg + dy- Such 
a construction follows easily from the fact that Wq is g-equivariantly contractible. 
Note that Wq ®U{C{S^q)) is a graded Hopf algebra over Wq with the coproduct 
induced by the canonical coproduct of the enveloping algebra U{C[S^q)). 

Theorem 3. There exists a g-invariant group-like element of degree zero 

<^^Wq® U{C{S+q)) ^Wq® U{Dq) 

such that 

(6) ^'^d<^ = -i{t) + l{e). 

Proof. Recall the following fact: let A be a DGLA and a be a Maurer-Cartan 
element in A(g)J7(/), where / — [0, 1] is the unit interval. We have a — a{s) + b{s) ds, 
where a{s) is a family of Maurer-Cartan elements in A (parametrized by s) and 
b{s) G A^. Let $ be the holonomy from to 1 of the A^-connection b{s) ds on /. 
Then, $ transforms a(0) to a(l), i.e. a(l) = <f>"^a(0)<i> - <f>"^(i$. 

By Proposition [6l i{t) — l{9) £ Wq (8> Dq is a Maurer-Cartan element. Consider 
the morphism of dg algebras Wq —> Wq 51(7) given by 9°" i-^ 9°" ^ s, where s is 
the coordinate on /. It gives rise to a morphism of DGLAs 

Wq^Dq^Wq®Dq® n{i). 

Let a — a{s) + b{s) ds be the image of i{t) — l{9) under this morphism. Then, 
we have a(0) = and a(l) = i{t) — l{9). The element b{s) takes values in the 
pronilpotent subalgebra Wq (g) C{S~^q), so the holonomy $ is well defined. This 
implies, i{t) — l{9) = — $^^(i$, as required. D 

Remark. Theorem[3]should be compared to Proposition^ In contrast to equation 
(j) — exp(— 7(0)), the explicit formula for the clement $ is more involved. For x,y & q 
let {di{x),y) be defined by 

{di{x),y) = ^«(a; + ?-2/)|^^o- 
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Then, $ is the parahel transport from s = to s = 1 of the connection 

- Idi (s t + ^— ^ [9, e]\,e\ ds. 

Computing the contributions up to degree 3 yields 

$ = exp(-X(6i)) - l{te - lie, 9]e) + (terms of degree > 4). 

Let us define a g-equivariant linear map Y : g ^ {Wg ® Dg)^^ by formula 

F(x) = -(/i^g(a;)<D)$-i. 

For a Dg-module V, one can define ^v G {Wg ® End(F)) and Yv{x) G (Wg 
End(T^)) as images of $ and Y{x) under the action map. 

Proposition 7. Under the natural transformation defined by $y , the Cg-module 
U — Wg ® V given by ([3]) and ^ is naturally isomorphic to U' = Wg C>5 V with 
differential and Cg- action given by 

djj' = dwg + dv, 
lu' = Iws + Yv, 
Lu' = Lwg + Iv- 

Proof. Since $ is g-equivariant, we have 

Lu'{x) = $yL[/(x)$y^ ^ Lu{x) ^Lwg{x)+lv{x). 
For contractions, we obtain 

lu'ix) = <^vlu{x)<i>v^ = <^vlwa{x)<^y^ = Iwei^) +Yv{x), 
as required. Finally, note that 

^y^{dws + dv)^v = dwg + dv - iv{t) + lv{t) = djj. 
Hence, 

^vdu^v^ = dws + dv = dw ■ 

D 

Remark. Again, one can replace Dg by Cg in Proposition [71 Then, the map Y 
takes the form Y{x) — —{Iws{x)4>)4'~^ — I{^)^ and Iu'{x) = /^g (a;) + /\/ (x) . That 
is, we obtain the Weil model of equivariant cohomology of the g-differential space 

V. 



4. Central extensions and DGLA homomorphisms of Dg 

In this Section we study further properties of Dg including central extensions 
and homomorphisms from Dg to other DGLAs. 
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4.1. Central extensions of Cg. We start with an easier problem of central exten- 
sions of Cg. Let C — s> A — > Cg be a central extension of Cq by a graded vector space 
C. Assume that the extension A is split over g, and that there is a g-equi variant 
injective map I : Cq~^ — ge -^ A^^ such that the composition ge — > A^^ — > ge 
is the identity map . For instance, for g reductive these assumptions are always 
satisfied. 

In general, central extensions are classified by the second cohomology group of 
Cg with values in C. A 2-cocycle consists of a degree zero map w : A^Cg — )► C and a 
degree one map d : Cg — ?> C. For the map w, note that [L{x),L{y)] = L{[x, y]) (the 
extension is split over g), and [L(x), I{y)] — I{[x,y]) (the map / is g-equivariant). 
Hence, the only nontrivial part of u! is the map uj : A^ge -^ C^^. It is easy to see 
that the only condition on w is g-invariance. For instance, if C~^ = Re, a; is defined 
by a degree two invariant polynomial p € (S^q*)^. Then, [I{x),I{y)] — —2p{x,y)c, 
where the normalization is chosen to match the natural normalization of the next 
section. We shall denote this central extension by C^g. For the map 9, it is 
completely defined by a character x • ~^ C'". We have dl{x) = L{x) + x{x) and 
dL{x) = —dx{x). This extension is trivial since I{x) and L{x) — L{x) + x{x) define 
a DGLA homomorphism Cg — ?> A. 

4.2. Central extensions of Dg. Again, let 

(8) C -^ A^Dq 

be a central extension of DGLAs split over g C Dq. Similar to the previous section, 
we assume that the map i : S^g — > Dq can be lifted to a Q-equivariant (grading- 
preserving) map i : S^q — > A. For instance, this is always true if g is reductive. 
Together with the splitting over g, the lift i defines a morphism of graded Lie 
algebras s : Dq -^ A which is a splitting of the extension ([8|). Let J = [Dq, Dq] + 
g C Dq. Notice that s\j does not depend on the choice of i and is a morphism of 
DGLAs (unlike s). Since Dq/ J = (5+g)g with vanishing bracket and differential, 
central extensions of Dq by C are in one-to-one correspondence with extensions of 
complexes 

C^A' ^{S+q)^. 
We have thus proved 

Theorem 4. The category of central extensions of Dq which are split over q C Dq 
and admit a Q-equivariant lift of the map i is equivalent to the category of extensions 
of the complex (S'^g)g. In particular, extensions by a complex C are classified by 
maps 

{S+Q),^H{C)[l]. 

Let us also describe these extensions at the level of cochains. Since the lift i 
defines a splitting s of the extension ([5]), we have A = Dq © C as a graded Lie 
algebra. The differential on A satisfies 

(9) dt{t) = [i{t), i{t)]/2 + l{t) + q{t) 

for some g-invariant map q : S^q — > C[l] (which can be seen as a power series 
q : g[2] -> C of total degree 2, such that q(0) = 0). The formula (|9]) makes Dq(BC 
to a DGLA if and only if 

dq{t) = 0. 
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We shall denote this DGLA by Dq ®q C. In particular, for C = R[2n - 2] and the 
map q defined by an invariant degree n polynomial p S {S"'q*)° we shall denote 
Dg ®q R[2n - 2] simply by DpQ. 

Remark. For n = 2, p € (S^g*)^ defines an invariant symmetric bilinear form on 
0. At the level of generators, the differential oiX{xy) is modified as follows, 

di{xy) = -[i{x),I{y)] +p{x,y)c. 

Note that this central extension descends to Cg (by putting all higher genera- 
tors including X{xy) equal zero). The corresponding equation reads [I{x),I{y)] = 
— 2p(x, y)c giving rise to the extension Cpg (see the previous section). 
For n = 3, we choose p S (S''^g*)0 and modify the differential of I{x^), 

di{x^) = [i{x),i{x^)] +p{x^)c. 

This (and higher) extensions do not descend to Cg. 

One interesting property of Dpg is as follows. Denote by s the injection Dg -^ 
Dpg — Dg®qR[2n — 2]. Then, one can define a group-like element ^p = (id(g)s)$ e 
Wg(Sil{{Dpg) (here $ e Wg«iU{Dg) is defined in Theorem [3l). 

Proposition 8. ^Z^^d^p = t{t) — l{9) — e ® c, where c G Dpg is the generator of 
the central line M.[2n — 2], and e G (Wg)^ is such that de = p. 

Proof. Since ^p is a group-like element, ^p^d^p is an element of Wg (g) Dpg, and 
its projection to Wgi^Dg is equal to i{t) — l{0) (see Theorem[3]). Hence, ^p^d^p = 
i{t) — l{9) — e (g) c for some e £ Wg. 

Note that the expression ^"^d^p is automatically a Maurer-Cartan element. 
This implies, 

- d($;id$,) - ^[^p'd%, ^p'd%] 

= d{l{t) - 1(6) - e c) - -[l{t) - l{9) -e(g)c, Z{t) - 1(6) -e(g)c] 
= p® c~ {de) c. 
We conclude that de — p, as required. D 

4.3. Deformations of a DGLA homomorphism. Let A be a DGLA and e G A^ 

be an element of degree one. Recall that the operator d' = d ~ [e, •] defines a new 
differential on A (that is, d' is a derivation of the Lie bracket and d' = 0) if and 
only if the element z = de — [e, e]/2 lies in the center of A. The Jacobi identity 
implies that z is closed, dz — 0. Indeed, 

dz = d{de- -[e,e]) = - ([e,de] - [de,e]) = [e, z + -[e,e]] = -[e, [e,e]] = 0. 

We shall denote the graded Lie algebra A equipped with this new differential by 

A(e). 

A DGLA homomorphism Dg — > A consists of a Lie algebra homomorphism 
Ia : g ^ A and a g-equivariant formal power series ia : 0[2] -^ A of degree 1, 
satisfying m(0) = and Equation ([2]). Consider simultaneous deformations of the 



(10) dge(i) := de{t) - [iA{t),e{t)] = -[e{t),e{t)] + z, 
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differential on A and ol the map iA- Choose a 5-equivariant power series of total 
degree one, e : q[2] ^ A, and set 

d' =d-[e{0),-], 

i'^it) = lAit) + e{t) - e{0) . 

These formulas define a DGLA homomorphism Dq -^ At^/Q\\ if and only if 

^' . . 

where z (£ A lies in the center of A. Note that z is invariant under the g-action 
defined by the Lie homomorphism Ia '■ Q ^>^ A. Then, the Jacobi identity implies 
that z is equivariantly closed, dgZ = 0. 
More generally, assume that 

(11) dge(i) = [e(i),e(t)]/2 + z(i), 

where z{t) takes values in the center of A, and q(t) — z(t) — z(0) takes values in the 
subspace C C A. Then, we obtain a DGLA homomorphism Dg (Bq C —>■ A(g(o)). 

A natural framework for constructing examples is as follows: let S be a Cq- 
module with a chosen Cg-invariant element 1^ G ^closed- ^^^r example, B may be 
a unital (graded) commutative g-differential algebra. Consider the semi-direct sum 
A — Cg X B[n], where B[n] is viewed as an abelian DGLA. Solutions of equation 
(|lip are provided by the following construction: 

Theorem 5. Let c G B^^ he a basic cocycle, and p G (S'^g*)^ be an invariant 
polynomial of degree k. Assume that the cohomology class of the element p 18) Is + 
1 c e (5*0* ® BY vanishes in Hg{B), and let e £ {Sg* ® B)^ be such that 
dgC = p (g) Is + 1 (X) c. Consider A = Cg ix B[2k — 2]. Then e is a solution of 
equation ((Til) ™*^^ ^(^) = P{t)lB + c, z{0) = c, q{t) = p{t)lB and C = R[2k ~ 2]1b. 

Proof. Since i?[2fc — 2] C A is an abelian DGLA, equation dgC = p(E)l + 1 (8)c implies 
equation ([TT|l with z(t) ~ pit)lB + c. Putting t — yields z(0) = c. This element 
is central in A since c G B^'^ is basic. Finally, q{t) = z{t) — z(0) = p{t)lB- □ 

Remark. There is a natural DGLA homomorphism Dg —5- A induced by the 
canonical projection Dg -^ Cg. Elements e described in Theorem [5] define DGLA 
homomorphisms Dpg ^- A, where the central line R[2k — 2] C Dpg maps to R[2k — 
2] 1b CB[2A:-2] C A. 

In the case of p = 0, we obtain a DGLA homomorphism Dg -> A. Then, for the 
construction to work one only needs a structure of a g-differential vector space on 
B. 

4.4. Examples. In this Section, we consider two examples of the construction 
described above. 

4.4.1. Extensions of Cg by differential forms. Let g act on a manifold M. We 
choose B — il{M) with the natural structure of a g-differential algebra. Let A — 
Cg X fl{M)[m]. If 0(f) G {Sg* ® ri(Af))8 is a degree m+1 equivariant cocycle, then 
the construction of the previous Section defines a DGLA homomorphism Dg -^ 
^(0(0))- If m = 2n — 2 and verifies equation dgcj) = p 1 for p G (S'"0*)s, we 
obtain a DGLA homomorphism Dpg — >■ Ai^/Q\y 

In more detail, write 4>{t) — X);=o 4'ii't)i where 4'i{t) is a homogeneous polyno- 
mial of degree I with values in degree 2n — 21 — 1 forms on Af . Then, X(f) maps 
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to lM{t) + 4'i{t), I{t'') mp to <j)k{t) for 2 < fc < n — 1, and 2{t'^) map to zero for 
k > n — 1. For n = 2, the images of higher contractions (with fc > 2) vanish and the 
DGLA homoniorphism DpQ — >■ Ai^/q\\ descends to a homomorphism CpQ — > ^(^(o))- 
If n > 2, higher contractions map to non- vanishing differential forms 4>k{t), and the 
DGLA homomorphism does not descend to CpQ. 

The DGLA yl(-0(o)) acts on the differential graded algebra J7(Af)[[s]], where s 
is a formal variable of degree 2n — 2 satisfying ds = —0(0): the action of Cg is 
the standard action on fl{M) (that is, the action is trivial on s) and the action of 
a £ fl{M)['m.] is via ads- A homomorphism Dq — ^ ^(^(o)) therefore gives rise to an 
action of Dq on J7(Af )[s]. This action can be seen as a twist by of the standard 
action of Cg on il{M). One can get rid of the variable s using the embedding 
n{M) to n(M)|sl by a H- ae" . The new differential on n{M) is then d - (/)(0). 
(r2(M) is only mod-2 graded and the differential and the action of Dq are no longer 
derivations). 

4.4.2. Extensions of Cq by the Weil algebra. One can choose B equal to the Weil 
algebra Wq. Recall that forp e (5"g*)3 one can choose an element e G {Sq*®Wq)^ 
such that dge = p^l — 1 (g)p. Denote the generators of Sq* by i° and the generators 
of Wq by 6°^ and /". The element e{t) (here i G g refers to the first factor in 
{Sq*^Wq)^) is a solution of (HI]) (notice that [e{t), e{t)] = 0) for c = -p e Wq and 
q{t) = p{t). We thus get a homomorphism DpQ — > ^(e(o)) • Notice that e(0) G (W^g)^ 
satisfies de(0) = —p. 

For n = 2, one can choose the element e in the form 

e{t) ^ ~{p{t + f,e) -^-p{e,[eA))- 

Since e(i) - e(0) = -p{t,9), iit) maps to /(i) -p{t,9). Note that 

[/(a:) -p(x,0),/(y) -p(y,e)] = ~2p{x,y), 

as required by the relations of DpQ. In the case of n = 2, higher contractions vanish 
and one actually obtains a DGLA homomorphism CpQ — > At^/Q\\. 

For n > 3, images of some higher contractions are necessarily non- vanishing. For 
n = 3, we can work it out in more detail. Recall that (DpQ)'^ = g with generators 
l{x), (DpQ)^^ = g with generators I{x), {DpQ)^^ = S^q spanned by [I{x),X{y)], 
(DpQ)'^ = S^Q © ker(g (Ki S'^q -^ S^q) spanned by I{xy) and [l{x), [I{y),X{z)]], 
and {DpQ)^"^ — {Dq)~*(BM., where E is the central line. For the algebra A, we have 
A^^ = M spanned by the unit of the Weil algebra, A~^ = g* with generators 6*", 
A^^ ^ g* © A^g* spanned by /" and 6l°6'^ A'^ = g © (W^g)^ with g spanned by 
I{x), and A" = g © (M^g)'*, where g is spanned by L{x). 

The image of the homomorphism p : DpQ — > A is a DGLA B with nontrivial 
graded components 5° ^ g with generators L{x), B~^ = g with generators I{x), 
B~^ — g* with generators /i($), i?^'^ = g* with generators 9{£,) (here ^ G g*), and 
B^* = Kc. The differential acts as dl{x) = ^(2:), d^(C) = /^(O- -foi' the Lie bracket, 
L{x) act on other components by the adjoint and coadjoint actions, B~'^, B~^, B~'^ 
form an abelian Lie subalgebra, [/(a;),6'(^)] = 0(ad*(a;)^), [I{x),9{^)\ = ^{x)c, and 

[I{x),i(y)]^2^^{p{x,y,■)). 

Here p(I{xy)) = 9{p(x,y,-)), and the last relation follows from [Z(a;),I(y)] = 
2(iJ(a;y). 
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5. Current algebras 

In this Section, we introduce a functor associating to a manifold M and to a 
DGLA A a Lie algebra CA{M, A). As an application, we give a new interpretation 
of the Faddeev-Mickelsson-Shatashvili (FMS) cocycles of higher dimensional current 
algebras. 

5.1. Current algebra functor. Let A be a DGLA. Then, the subspace of closed 
elements of A of degree zero A^j^g^^ C A° is a Lie subalgebra of A. Following [9], 
notice that A~^ equipped with the bracket 

(12) {a,/3}:=[a,d/?] 

is a Leibniz algebra. That is, the bracket {, } satisfies the Jacobi identity 

{a,{/3,7}} = {{a,/3},7} + {/3,{a,7}}. 

As the symmetric part of this bracket has exact values, the quotient space A~-^ /A~^^^^ 
is a Lie algebra. 

Proposition 9. There is an exact sequence of Lie algebras, 

(13) ^ H-\A) ^ A-^/A-^\,, ^ A«i_d ^ ^°(^) ^ 0, 

where H^^{A) is abelian, the Lie bracket on H'^(A) is induced by the Lie bracket 
on A^ , and the map A^^ /A'^^^^^ -> ^closed *■* induced by the differential of A. 

Proof. By definition of cohomology groups H^^{A) and if" (A), the sequence p^ 
is exact. The map H^^{A) — J> A^^/A~^^^^ is a Lie homomorphism since the derived 
bracket p^ vanishes if a and /3 are closed. The map A~^/A~^^^^ -^ ^closed i^ ^ Lie 
homomorphism because d{a,/3} = d[a,dl3] — [da,dl3]. Finally, the map ^closed ^ 
H'^{A) is a Lie homomorphism by definition of the Lie bracket on H'^{A). D 

Proposition 10. Let 0— !>A— s-i?— s>C— >0 6ean exact sequence of DGLAs. 
Then, there is an exact sequence of Lie algebras, 

(14) >H-^{A) ^ H-^{B) ^ H-^{C)^ 

^ ^ Mcxact ^^ ^ /^cxact ^ ^ /Ccxact ^ ^J 

where all cohomology groups are viewed as abelian Lie algebras, the map H~'^(C) -^ 
A~^ / A~^^^^ is the composition of the connecting homomorphism H~^{C) — > H^^{A) 
and the natural map H~^{A) -^ A^-^ /A~^^^^. 

Proof. Replace complexes A, B and C by their truncations where all components 
of non-negative degrees are replaced by zero. Then, ([T4| is the corresponding long 
exact sequence. Maps between cohomology groups are Lie homomorphisms since 
the corresponding Lie brackets vanish. Maps between Lie algebras equipped with 
derived brackets are Lie homomorphisms since A —^ B -^ C are homomorphisms of 
DGLAs. Finally, the map H~^{C) — ?> A~^ /A~^^^^ is a Lie homomorphism because 
it factors through the Lie homomorphism H^^{A) — > A^^ /A^^^^^.. D 

Note that if C is acyclic, the long exact sequence ^^ degenerates to a short 
exact sequence, 

^ ^ Mcxact ^ B /^cxact "^ ^ /^cxact '^ 0- 
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Proposition 11. Let 0— >A— >i3— j-C— >0 6ean exact sequence of DGLAs. 
Then, there is an exact sequence of vector spaces, 

^ ^°io.cd ^ ^closed ^ C^cVed ^ H\A) ^ H\B) ^H\C)^... 
If H^iC) or H^{A) vanishes, it gives rise to a short exact sequence of Lie algebras, 

-^ ^closed ~^ ^closed ^ C'j.iogj,^ — > 0. 

Proof. Replace the complexes A, B and C by their truncations where all compo- 
nents with negative degrees are replaced by zero. The corresponding long exact 
sequence is the one displayed in the Proposition. The connecting homomorphism 
^closed is ^ composition of the natural projection C^j^g^^ — > 7f°(A) and the standard 
connecting homomorphism H^{A) -J> H^{C). If either H°{A) or H^{C) (or both) 
vanishes, this map vanishes as well giving rise to a short exact sequence. This is 
a short exact sequence of Lie algebras since 0— >A^>i?— >C— >Oisan exact 
sequence of DGLAs. D 

For a manifold M and a DGLA A, we consider the DGLA {Vt{M) ® A), where 
the Lie bracket is induced by the Lie bracket of A, and the differential comes from 
the differential of A and the de Rham differential on M . We define the current 
algebra functor as 

CA{M,A) = {^{M) ® Ar'/mM) ® A)~^\^,. 

It associates a Lie algebra (a current algebra) to a pair of a manifold and a DGLA. 
It is convenient to introduce a special notation 

5^(M,A) = (f](M)®A)l,,d- 
As before, we have a natural exact sequence of Lie algebras 

0^ H-\n{M)®A) ~¥CAiM,A) ^SA{M,A) -^ H"{M,A) -^ 0. 

Note that if A is acyclic, the exact sequence degenerates to an isomorphism CA{M, A) 
SAiM,A). 

Proposition 12. Let A be a DGLA, and suppose that, as a complex, it is isomor- 
phic to a cone over a graded vector space V . That is, A = CV — V[e], where e^ = 0, 
dege — —1 and d = d/de. Then, the current algebra CA{M,A) is isomorphic to 
{n{Al) (g) V)'^ as a vector space. 

Proof Since CA{M,A) = SAiM,A) = {n{M) A)°j^g^^, we consider an element 
a® x + P (^ye G {V,{M) (g) A)°. The closedness condition reads 

d{a (g) x + /3 ig) ye) = da ® x — (5 ® y -\- d(i ® ye = Q. 

Hence, x ^ y and j3 = da, and the projection {n{M) ® A)2iosod ^ (^(M) Vf 
mapping a ® x + da ® xe ^ a ® x is an isomorphism. D 

Remark. Note that a ® x -^ da ® xe = d{a ® xe), where a® xe € (J7(M) (g) A)~^ 
defines an element of CA{M, A). 

The current algebra functor is contravariant with respect to M and covariant 
with respect to A. If — !> A — > _B — > C -^ is a short exact sequence of DGLAs, 
we obtain from Proposition [10] an exact sequence of Lie algebras, 

(15) -^ im( H-^{n{M) g) C) -> H-^{Vt{M) ® A)\ -^ 

-^ CA{M, A) -^ CA{M, B) -^ CA{M, C) -^ 0. 



EQUIVARIANT COHOMOLOGY AND CURRENT ALGEBRAS 19 

Again, if C is acyclic, it degenerates to a short exact sequence of current algebras, 

-^ CA{M, A) -^ CA{M, B) -> CA{M, C) -> 0. 

In many examples, C is equal to Cq or Dq. These DGLAs are acyclic, and we 
obtain short exact sequences of current algebras. 

If C is acyclic, we have H^{^{M®C)) = 0, and we obtain a short exact sequence 
of Lie algebras 

^ SA{M, A) -^ SA{M, B) ^ SA{M, C) -^ 0. 

5.2. Examples. In this Section, we apply the functor CA to obtain several exam- 
ples of current algebras on manifolds. 

5.2.1. A = Cg. Let g be a Lie algebra. The cone Cq is an acyclic DGLA. Hence, 
CA{M,Cq) = n°{M) (g) g = C°°{M,q). It is easy to see that the Lie bracket of 
CA{M,Cq) coincides with the point-wise Lie bracket on C°°(M, g). Indeed, the 
derived bracket of two elements / ® Iix),g (8) I{y) e (r2(M) Cg)^^ is given by 
formula, 

{/ ® I{x), g ® liy)} = [/ ® I{x),d{g ® I{y))] 

^[f®I{x),dg®I{y)+g®L{y)] 

= fg(S> [I{x), L{y)] ^ Jg® /([x, y]), 

as required. 

5.2.2. A — Dq. In the case of A = D2, it is difficult to give a compact description 
of CA{M,Dq). By Proposition [U Dq is acyclic. It is a cone CV over a graded 
vector space V with V" = g, V'^ = 0, V'"^ = S^q, V^ = ker(s : g® S'^g ^ Sq^) etc. 
Here the map s : g O S^q — >■ Sff^ is the symmetrization. Let tt : Dg — !> Cg be the 
natural projection. Then, the short exact sequence -^ ker(7r) — > Dq — > Cg — > 
gives rise to a short exact sequence of current algebras 

-^ Cyl(M,ker(7r)) -^ CA(A/, L>g) -^ C°°(A./,g) -^ 0. 

In particular, CA(Af, ker(7r)) contains a subspace isomorphic to il'^(M) ® S^q. Re- 
peating the computation of section 15.2. 1) we obtain 

{f<E)I{x),g(E>I{y)} = [f(E>I{x),d{g(E>Iiy))] 

^[f®I{x),dg®I{y)+g®l{y)] 

= fdg <S> mx),I{y)] +fg® [I{x), l{y)] 

= fdg ® 2dl{xy) + fg(E) I{[x, y]) 

= -2df hdg®X{xy)+fg®T{[x,y]). 

Here the eXevaent df Adg®I{xy) G (ri(M)(g)£'g)~^/exact is the imageof d/ Adg^xy G 

fi2(M)(g)S'2g. 

5.2.3. A — DpQ. Recall that for p e (S'"g*)° we have a short exact sequence of 
DGLAs -^ M[27i — 2] — >■ DpQ — >■ Dq — > which induces a short exact sequence of 
current algebras 

-^ CA{M, R[2n - 2]) -> CA{M, DpQ) -^ CA{M, Dq) ^ 0, 

where CA{M,M.[2n - 2]) = n'^'^-^{M)/nl'^-^^{M). If M is a compact connected 
orientable manifold of dimension 2n — 3, CA(M, R[2n — 2]) ^ M and we obtain a 
central extension of CA{M, Dq) by a line. 
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For n — 2, one can choose M — S^. In this case, CA{M, Dq) = CA{M, Cg) for 
dimensional reasons. Redoing again the calculation of the previous two sections, 
we obtain 

{/ ® I{x), g ® I{y)} = [/ ® I{x), d{g ® I{y))] 

= [f(^I{x),dg(E)Iiy)+g(^L{y)] 

= -2fdg (E) p{x, y)c + .fg® /([x, y]). 

The isomorphism Vt^ [S^) / Vt\y_^^^{S^) = R is given by the integral of a 1-form over 
the circle. Hence, the cocycle term in the Lie bracket reads —2p{x, y) J fdg which 
coincides (up to normalization) with the standard Kac-Moody central extension of 
the loop algebra. 

For n = 3, we choose M to be a compact orientable 3-manifold. In this case, 

CA{M,Dg) = C°°{M,g) ® {n^{M) (g, S^q) © {n^{M) « ker(0 ® S^g -> S^g)). 

Here the map g ® S^g — > 5*^0 is the symmetrization. The computation of the Lie 
bracket elements of C°°(M,g) is exactly the same as in section [5.2.21 However, 
there is a new feature in the following Lie bracket, 

{a (g) iixy)J O i(z)} = [a ® i{xy), d{f ® X{z))] 

= [a® i{xy), df ® i{z) + / «> l{z)] 

= -fa(E)i{ad^{xy)) + a A df (g) [i{xy),i{z)]. 

The last Lie bracket is of the form 

[iixy),i{z)] - i (2[I{xy),i{z)] - [i{xz),i{y)] - [i{yz),i{x)] 

+ i {[i{xy),i{z)] + [Iixz),i{y)] + [i{yz),i{x)] 

where the first term is an element of ker(0 (g) 5*^0 — > S'^q), and the second term can 
be represented as 

3 ([^(2;y),^(z)] + [i{xz),i{y)] + [i{yz),i{x)]j ^i{xyz) -p{xyz)c. 

Again, the isomorphism Vl^{M)/Q.'^'°^'^'^*'{M) = M is given by the integral over M, 
and the new cocycle term reads —p{xyz) J^^ a A df. 

5.2.4. Faddeev-Mickelsson-Shatashvili current algebra. Recall Section F4.4.2l let p g 
(S'"0*)B, e G [Sg* (g) Wg)3 such that d^e ^p(g)l-l(g)p, and let ApMS = 
(Cg IX Vl^0[2n — 2]), , ,, be the semi-direct product of Cg and T4^0[2n — 2] with 

differential d' = d — [e(0),-]. In fact, the only part of the differential which is 
changed is d'I{x) = L{x) — /v^'g(a;)e(0). 

The differential on M^0[2n — 2] is induced by the Weil differential. Hence, the 
embedding ]R[2n — 2] ^^ M^gpn — 2] is a chain map (and a homomorphism of 
abelian DGLAs). As a consequence, we obtain a short exact sequence of DGLAs 
-^ R[2n - 2] ^ Afms -^ A' -^ Q, where A' = (Cg k W+g[27i - 2])^^^^^^ is an 
acyclic DGLA. Then, we obtain a short exact sequence of current algebras 

^ f}2n-3(^j)/^2n-3(^) ^ CA{M, ApMs) ^ CA{M, A') -^ 0. 

If M is a compact connected orientable manifold of dimension 2n — 3, we have 
n'^'^~^{M)/nll~^^_{M) ^ M with an isomorphism defined by integration. 
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One can view the abelian current algebra CA{M,W^g[2n — 2]) as a space of 
local functional of g-connections on M. Recall that a g-connection on M defines a 
honiomorphism of graded commutative algebras Wg — > fl{M). Taking into account 
that {W+5[2n - 2] ® n{M))~^ ^ {W+q ® f](M))^""^, we obtain (for each g- 
connection) a map 

CA{M, W+g[2n - 2]) ^ niM)^""-^ /n{Mfj^~Jl = R. 

The Lie algebra CA{M,A') is therefore an abelian extension of CA{M,Cg) = 
C°°{M, g) by functionals on the space of g-connections. 

Computing the Lie bracket of the elements f ® x,g ®y ^ C°°{M,g) yields 

{/ S5 /(x),5 S5 I{y)} = [f ® I{x), dig ® I{y))] 

= [f ® /(a;), dg ® /(y) + 5 ® L{y) - Iwsiy)eiO)] 
^ fg® {l{[x,y]) - Iwe{x)Iwe{y)e{Q)). 

The cocycle term reads —fg ® Iws{x)Iwz{y)e{Q)- For n — 2, it reads —fg ® 
p{[x,y],-). For higher n, this formula defines the Faddeev-Mickelsson-Shatashvili 
(FMS) cocycle [H [5l [11] on the Lie algebra of maps from M to g with values in 
local functionals of g-connections. 

5.2.5. Truncated FMS current algebra. The construction of Section [4.4.21 defines a 
DGLA homomorphism 

(16) p:Dpg^ {Cg k Wg[2n - 2]) ^^^^^^ = A. 

Hence, we obtain an induced homomorphism of current algebras CA{M, Dpg) ^■ 
CA{M,Afms)- Note that the map p restricts to the identity mapping the central 
line M[2n— 2] C Dpg to the line R[2ri — 2] C VFg[2n — 2]. As a consequence, we obtain 
an induced homomorphism p' : Dg -^ A' — AFMs/^[2n — 2] and a homomorphism 
of the corresponding current algebras CA{M, Dg) -^ CA{M, A'). 

The image of the map p is a DGLA Bfms C Afms- We refer to CA{M, Bfms) 
as to truncated FMS current algebra. We work out in detail the example of n = 3. 
In this case, we have an exact sequence of DGLAs — ?> M[4] -> Bfms ^- -B' — s- 0, 
where B' = Bfms/^['^ is acyclic. Hence, we obtain an exact sequence of current 
algebras 

^ n''iM)/nl^^^,iM) ^ CAiM, Bfms) ^ CA{M, B') ^ 0, 

where CA{M,B') = C°°{M,g) {n'^{M) (g) g*). For the Lie bracket between ele- 
ments f ®x,g ®y & C°°{M, g), we have 

{/ i{x),g® 7(2/)} = [/ ® />), d{g ® i{y))] 

^[f® i{x), dg ® i{y) +g® L{y)] 
= fdg ® [i{x), i{y)] +fg® [i{x), L{y)] 
= 2fdg ® p{p{x, y, ■) + fg® /([x, y]) 
^ 2df Adg® eip{x, y, •)) +fg® I{[x, y]). 
Here the term 2df Adg® 9{p{x, y, •)) is another representative of the FMS cocycle. 
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6. Groups integrating current algebras SA{M, A) 

In this Section, we construct sheaves of groups integrating sheaves of Lie al- 
gebras SA{M,A), and in particular we apply this technique to SA{M,Dq) and 
SA{M,Dpg). 

6.1. The group SQ{M,A,G) integrating the current algebra SA{M,A). To 
simplify the task, we first consider a simpler Lie algebra SA{M, A) ~ {il{M) ® A)'^. 
Denote A°ioso(j = 0, let G be a connected Lie group with Lie algebra g, and let 
A' = ©„<o^" be the sum of graded components of A of negative degrees. Suppose 
that the adjoint action of g on A' lifts to an action of G. Denote by 

G{M)=C°°iM,G) 

the group of smooth maps from M to G (with pointwise multiplication). Let K{A') 
be the degree completion of the universal enveloping algebra of A' , and let 

n{M) = n{M)®U{A') 

be the Hopf algebra with coproduct induced by the one of U{A'). Group-like 
elements of degree zero in 'H{M) form a group 

H{M) = exp((f](M) ® A'f) C H{M). 

The group G{M) acts on H(A/) by Hopf algebra automorphisms. This action 
induces an action of G{M) on H{M) by group automorphisms. We define 

SGiM, A, G) = G{M) K H{M) 

as the semi-direct product of G{M) and H{M). Note that the group SQ{M, A, G) 
depends of the choice of the connected Lie group G integrating the Lie algebra 

— ^closed- 

It is easy to see that SQ{M,A,G) is an integration of SA{M,A). Indeed, 
let {ht,gt) be a one-parameter subgroup of SQ{M,A), where ht € H{M),gt £ 
G{M),t e R. Then, its derivative at i = is a pair {u,x), where x G C°°(A/, g) 
and u e {il{M) ® A')°. The pair (u,x) defines an element of (51(M) (g) A)°. In the 
other direction, every such an element can be exponentiated to a one-parameter 
subgroupof 5a(M,A,G). 

Remark. Let A — Cg. Note that Gg^j^g^,^ ~ Gg" = g. Let G ba a connected 
Lie group integrating g. We have A' = q£ C Gq, and H{M) = {exp(w); u G 
n^{M) ® ge}. Elements of 'SQ{M, Gg, G) are of the form hg, where h G H{M) and 
g G G{M). 

The Lie subalgebra SA{A'I^ A) C SA{M^ A) is singled out by the closedness 
condition. That is, a pair (u, x) G SA{M, A) belongs to SA{M, A) if du + dx — 0. 
The analogue of this condition at the group level is as follows: 

(17) Sg(M,A,G) = {(h,g)eSg(M,A)- h-^dh + dg g-^ = e n{M) (g) A}. 

Note that 

h~'^dh + dgg~'^ = h~'^d{hg) g~'^, 

and equation (|T7| expresses the fact that hg G SQ{M,A,G) is closed. For the 
product hg — (/ii.gi)(/i252), we have 

h~^d{hg)g^^ = (3i^2gr^) {K^d{higi)g^^) {gih2gY^ T^ + gi (/i^^rf(/i2ff2)52"^) 9i^- 

Hence, Sg{M, A, G) is indeed a subgroup of 50 (M, A, G). 
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Again, it is easy to see that SQ{M, A, G) is an integration of SA{M, A). Indeed, 
let {ht, gt) £ SQ{M, A, G) be a one-parameter subgroup, and let (u, x) e SA{M, A) 
be its derivative a,i t — 0. Then, equation (J17p implies du + dx = 0. In the other 
direction, for exp(i(u + x)) — htgt we have 

,_i,,, . _i . , l-exp(-tad„+a;) ^, , X „ 

ht a[htgt)gt = Ad -i -—: d{u + x) ^ 

"' t aa„+a; 

a du + dx = 0. Here we have used the standard expression for the derivative of the 
exponential map. 

Note that for every manifold M the functor SA{-,A) produces a sheaf of Lie 
algebras, where the Lie algebra of sections over U C M is defined as SA{U,A). 
Similarly, SQ{-, A, G) defines a sheaf of groups. 

Remark. For A = Cg, we consider equation ([T7| . where h — exp(u) and u S 
9}{M)®Qe. Note that 

h-^dh = e-"de" - 1 - exp(-ad„) ^ ^ ^ 1 ^ ^^j 

ad„ 2^ ' ^ 

Here we have used that ad„ — for fc > 2. Let Cq be a basis of 0. Then, u — u°-®eae, 
du = du"- (g) CaS — u°- ® Ca, and 

du - - [m, du] — -U°' Ca + ( du" ® Ca ~ -[u'' ® ea,u'' ® Bb 

Denote u = u"- (E) Ca & il.^{M) (E> g, and compute 

h^ dh + dgg^ = {dgg~ — u) + du [u, u] 

Hence, a pair (exp(M),g) defines an element of SG{M,Gq,G) if and only if u = 
dgg~^ and w is a Maurer-Cartan element. The second condition follows from the 
first one since d{dgg~^) = {dgg~^)^ = [dgg^^,dgg~^]/2. 

In conclusion, h is uniquely determined by g, and the forgetful map (h, g) i— >■ g 
defines a group isomorphism SA{M,Cq,G) = G{M). The inverse map G{M) -^ 
SA{M,Cq,G) is given hy g ^ {exp{I{dgg-'^)),g). 

Remark. Let {A, G) be a pair, where A is a DGLA and G is a connected Lie 
group integrating g = ^closed such that the adjoint action of g on A lifts to an 
action of G on A. We define a morphism of such pairs {A,G) -^ {B,H) as pairs 
of a DGLA homomorphism A — > _B and a group homomorphism G -^ H integrat- 
ing the Lie algebra homomorphism ^^loscd ~^ ^closed- Then, a morphism of pairs 
(A, G) -^ {B,H) induces a group homomorphism Sg{M,A,G) -^ SQ{M,B,H). 
In particular, if A^iosod = ^closed ^^"^ G — H, we obtain a canonical group homo- 
morphism. 

6.2. The group GpG(A/) = Sg{M,GpQ,G). Letpe {S^g*)^. The group GpG(Af) : 
SQ{M, GpQ, G) is contained in the preimage of SQ{M, Gg, G) under the projection 
map SQ{M, CpQ, G) —!■ SQ{M, Gg, G). Therefore, it consist of elements of the form 

[h = exp(w ® c -I- i{dgg^^)) , gj , 

where g : M ^- G, uj & 51^(M), and h~^dh + dgg~^ = 0. A straightforward 
calculation (see e.g. Proposition 5.7 in [1]) shows that 

/i^ dh + dg g^ — {duo + g*rjp) (8) c. 
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where rjp G il'^{G) is the Cartan 3-form (that is, a bi- invariant differential form on 
G defined by the map (x, y, z) i— >■ p{x, [y, z]) at the group unit). The group CpG{M) 
can therefore be identified with the set of pairs 

(g : M ^ G, uj e n'^{M)) such that du + g*r]p = 0. 

Since exp(/(u)) exp(/(u)) = exp(/(w + w) + p{u,v)c/2), the group law is expressed 
in terms of these pairs, 

{9i,^i){92,^2) = (3132,^1 +W2 + -(.91 X g2)*Pp) 

where pp G il'^{G x G) is defined by pp = p{nl9^ ,tt29r) with 9^ and 9^ left- 
invariant and right-invariant Maurer-Cartan forms of G and 7ri_2 '■ G x G ^ G 
projections on the first and second factor, respectively. 

6.3. The group DG{M) = SQ{M, Dg, G). In this Section, we consider the group 
SQ(M, Dg, G). We will use a shorthand notation DG{M) := Sg{M, Dg, G). 
Observe that the exact sequence of DGLAs 

-^ keriDQ ^ Gq) ^ Dq ^ Cq ^ 

gives rise (since Gq is acyclic) to an exact sequence of current algebras 

-^ SAiM, keT{Dg -^ Gg)) -^ SA{M, Dg) -^ SAiM, Gg) -^ 0, 

which in turn lifts to an exact sequence of groups 

1 -^ Sg{M,keT{Dg ^ Gg), 1) -^ DG{M) -^ G{M). 

Here 1 stands for the trivial group (ker(_Dg — > Cg)° = 0), we have used that 
Dg^ = Gg^ = g, and in both cases we have chosen the same connected Lie group 
G integrating g. 

6.3.1. The group DG{M) and g- connections. We begin by observing an interest- 
ing relation between the group DG{M) and the space Q{M) — Vt^{M) eg) g of 
g-connections on M. Let Q{M) denote the action groupoid of G{M) on Q{M), 
where the action is by gauge transformations, 

g : A^ A'^ = Adg-iA + g^^dg. 

Again, constructions of Q{M) and of the gauge action are local, and we obtain a 
sheaf of groupoids over M. 

There is a natural morphism of sheaves of groupoids Q{M) —> G{M) by forgetting 
a connection (here we view the group G{M) as a groupoid with an object set 
consisting of one point). Recall that a g-connection A £ G{M) gives rise to a 
homomorphism of g-difFerential algebras Wg —> J7(Af), defined by 9 1-^ A, t >—> 
Fa = dA + [A, A]/2. Under this map, the image of an element a{9, t) is a{A, Fa)- 
Let g G G{M), A G Q{M), and irig^A : A -^ A^ the corresponding morphism in 
G{M). We define a map p : Q{M) -^ SQ{M, Dg, G) given by the following formula, 

p{mg,A)^HA,FA)gnA3,FA.)-\ 
where <& is defined in Theorem [31 

Theorem 6. The map p : Q{M) —5- SQ{M, Dg,G) is a morphism of groupoids. 
It takes values in DG{M) — SQ{M,Dg,G), and its composition with the natural 
projection DG{M) — > G{M) coincides with the forgetful map nig, a *— ^ 9- 
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Proof. To simplify notation, we denote $(A) = ^{A,Fa)- For the composition of 
morphisms, we have 

^l{mg,A)^i{mh,A.) = ($(A)5$(A9)-i)($(A9);z$((A9)'')) 

= nimgh.A) 

= lJ.{mg^A oruh^As). 

Hence, /i is a morphism of groupoids. 

Next, we verify that ^{nig^A) is indeed an element of DG[M). We compute, 

d{^l{mg,A)) = -^{A) {{-i{FA) + l{A))g + dg ~ g{~i{FA.) + /(A^))) ^A^y' 

= $(A)g {i{FA.) - i(Adg-iFA) + l{Adg-iA + g-^dg - A^)) $(A9)-i 
= 0, 

where we have used equation ([6]). 

Finally, by compositing fi with the projection map vr : DG{M) -^ G{M) we 
obtain 

(7ro/i)(m<,,A) = 7r($(^)5*(A5)-i) 

= iT(<^{A)kdg{<^{A3)-^)g) 

= 5, 

as required. D 

6.3.2. Structure of DG{M). Using the results of the previous section, we can now 
prove the following proposition. 

Proposition 13. There is an exact sequence of groups 

1 -^ Sg{M, kcr(L>fl -^ Cfl), 1) -^ DG{M) -> G{M) -> 1, 

and the map g \-^ ^{rrigfi) is a section of the natural projection DG{M) -^ G{M). 

Proof. By Theorem the map G{M) -> DG{M) -^ G{M) defined by composing 
the map g i-^ ^{rugfi) and the natural projection DG{M) -> G{M) is the identity 
map. Hence, the projection DG{M) -^ G{M) is surjcctivc, and the sequence of 
groups in the Proposition is exact. D 

Note that the DGLA ker(_Dg — ?> Gq) is acyclic and negatively graded. As a 
complex, it can be represented as a cone CU = U[e\ for some negatively graded 
vector space U. The corresponding current algebra 5„4(A/, ker(Z?g — > GqJ) is 
isomorphic (as a vector space) to 

SA{M, \er{DQ ^ Gq)) ^ n\M) ® U~\ 

Using the grading induced by the degree of differential forms, we infer that this Lie 
algebra is nilpotent. Hence, by composing with the exponential map we obtain a 
bijection 

ly : n'{M) (g) U-' -^ Sg{MMriDQ -> Cg), l). 

i>0 
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Proposition 14. The map {g, u) h- > fi{mgfi) v{u) defines a bijection 
(18) G{M) X (0 n'{M) ® U-') -^ DG{M). 

Proof. This follows from the facts that the map g M" ^{vrigfl) defines a sectfon of 
the projection DG{M) -^ G{M), and that the map i' is bijcctive. D 

6.4. The group DpG{M) — SQ{M,Dpg,G). In this Section, we study the group 
SQ{M, DpQ,G), the shorthand notation is DpG{M). 
As before, the short exact sequence of DGLAs 

^ kcT{DpQ -^ Gq) -^Dpg^Gg^O 
gives rise to a short exact sequence of current algebras 

-^ SA{M, kcT{Dpg -^ Gg)) -^ SA{M, Dpg) -^ SA{M, Gq) -^ 0, 

which lifts to an exact sequence of groups 

1 ^ Sg{M,kcT{Dpg -^ Gg), 1) ^ DpG{M) -^ G{M). 

In this case, the natural projection DpG{M) — > G{M) may no longer be surjective. 
Again, an important tool in studying this question is the gauge groupoid. 

6.4.1. Central extensions of the groupoid Q{M). Let p e {S^g*)^ be an invariant 
polynomial of degree n > 2, and let Cp G (W^fl)^ be such that dcp = p. The 
ambiguity in the choice of Cp is by a closed g-invariant element of Wg of degree 
2n — 2. Since Wg is acyclic, for any other primitive e' we have e' — ep = df . 

Let us describe a central extension Qp{M) of the groupoid Q{M) by an abelian 
group ^cioscd(-^)- "^^^ ^^^ '^^ objects is again Q{M), and the set of morphisms is 
labeled by triples {g,A,a), where g e G{M),A e Q{M) and a e ^^""^(M) such 
that da = ep{A, F) — ep{A^ , -Fas). The composition of morphisms is given by 

mg^A,amh^AsJ3 = rngh,A,a+P, 

where 

d(a + /3) = ep{A,FA)-ep{A3,FA^) + ep{A3,FA^)-ep{As'\FA,^) 
= epiA,FA)-ep{Aa'',FA.^). 

Note that for the groupoid of global sections of Qp{M), the natural projection 
to G{M) may no longer be surjective. Indeed, the cohomology class of ep{A, Fa) — 
ep{A3,FA<,) ini72"-i(^) coincides with [g*r]p] G H^"-^{M), where r]p = ep(6',0) G 
(A0*)s c Q{G). If g*rip ^ 0, Gp{M) does not contain elements which project to g. 

A different choice of ep gives rise to an isomorphic sheaf of groupoids with an 
isomorphism given by a i-^ a' — a + f{A, F) — f{A^, Fab)- In the Physics literature, 
a is called the Wess-Zumino action. 

Recall that the DGLA Dpg is a central extension of Dg by the line R[2n — 2]. 
Note that SA{R[2n - 2], M) ^ ^(^)ci"7cd- ^i^^^e Dg is acychc, we obtain an exact 
sequence of sheaves of Lie algebras 

-> n{M)li:^-;^^ ^ SA{M, Dpg) ^ SA{M, Dg) ^ 0. 

This exact sequence integrates to an exact sequence of sheaves of groups, 

1 ^ f^(M)2«_d ^ DpG{M) ^ DG{M). 
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Consider a map /ip : Qp{M) -^ SQ{M, D^q, G) defined by formula 

(19) MpK,A,a) = %{A,FA)g%{A3,FA.)-^e''^', 

wfiere c is tlie generator of the central line of DpQ, and $p is defined in Section 5. 

Proposition 15. The map fip is a morphism of groupoids, it takes values in 
DpG{M) C SGiM^DpQ^G), and it restricts to identity on i^lZled- 

Proof. The proof is similar to Theorem [51 We have, 

dfip{mg^A,a) = fip{mg,A.a)ie{A3 , Fas) - e{A, Fa) + da) (g)c = 0. 
Hence, Hp takes values in DpG{M). For the morphism of groupoids, one follows the 
proof of Proposition [5] and uses the fact that mg^A,a°'m-f,A!i.p = mg^A,a+p- Finally, 
for g — \ we obtain ^ip{mi^A,a) — exp(a ® c) which coincides with the image of a 
under injection ^l^^^^ -^ DpG{M). D 

6.4.2. Structure of the group DpG{M). The DGLA ker(£'pg -^ Gq) fits into a short 
exact sequence 

-^ R[2n - 2] ^ ker(Dpfl -^ Gq) -^ ker(L»g ^ Cg) ^ 

giving rise to a short exact sequence of current algebras 

^ ^^lo^cdC^^) ^ SA{MM^{DpQ ^ Gq)) ^ SA{M,he<DQ ^ Cq)) ^ 0. 

All of these Lie algebras being nilpotent, the exact sequence lifts to an exact se- 
quence of groups 

(20) 1 ^ nl"^-^^^ ^ Sg{M, ker(Dp0 ^ Gq), 1) ^ Sg{M, ker(i?0 ^ Gq), 1) ^ 1. 

Furthermore, by choosing a section of the projection SA{M,'kBv{DpQ — > Gq)) -^ 
SA{M,kej:{DQ -^ Gg)), and by composing with the exponential map we obtain a 
section 

lyp-. i^n'{M)(E)U-'\ = SA{MMriDQ ^ Gq)) ^ SGiMMTiDpQ ^ Gq)A)- 

\4>0 / 

Recah that r]p = ep{e,0) e n^''-^{G). 

Proposition 16. The image of the natural projection DpG{M) — ;> DG{M) is 
the set of elements of DG{M) which project to maps g : M -^ G with vanishing 
[g*r^p]eH^^~\M). 

Proof. Let / be an element of DG{M), and g be the projection of / to G{M). 
Then, /o = fi{mgfi)~^f projects to the group unit of G{M). That is, /o £ 
SQ{M,keT{DQ — > Cg),l). The exact sequence (|20)) implies that /o admits a lift 
to Sg{M,keT{DpQ -^ Gq),1) C DpG{M). Hence, / admits a lift to DpG if and 
only if so does jiirngfi). 

Recall that, as a graded Lie algebra, DpQ is a direct sum DpQ — Dq © M.c of 
Dq and the central line Mc with c the generator of degree 2 — 2n. Hence, we 
have Sg{M,DpQ,G) = Sg{M,DQ,G) x exp(rj2"-2(M) ® c). Let us consider the 
subgroup 

Q = DG{M) X exp (n^^'-^M) ® c) C Sg{M, DpQ, G) 
containing DpG{M). Lifts of iJ,{mgfi) to Q are of the form g = ^(mgfi) exp(a c), 
where a G ^'^"~'^{M). Since fj,{mgfi)~^dpfi{mg^o) = g*Vp ® c, we have 

g'^dpg = (5*?7p + da) ® c. 
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If [g*r]p] ^ 0, then g^^dpg ^ 0, and ^(mg,o) does not lift to DpG{M). If [g*T]p] = 0, 
we can achieve g G DpG{M) for a suitable choice of a. D 

Let us denote by pG{M) the set of pairs {g : M ^ G,a e 17^""^ (Af)) such that 
g*rip + da = 0. In other words, pG{M) is the set of morphisms in the groupoid 
Gp{M) starting at the object A — 0. 

Proposition 17. The map {g,a,u) — > ^p{mgQ^a)^p{u) defines a bijection 

(21) pG{M) X j n\M) (g, [/-' j ^ DpG{M). 

The maps (|18p and (1211) and the natural projections pG{M) — ^ G{M) and DpG{AI) — 
DG{M) form a commutative diagram. 

Proof. For the first statement, let / e DpG{M), and denote its image in G{M) by g. 
Then, there is a form a S ri^"~^(M) such that g*rip+da = 0, and g := fipimg^^a) G 
DpG{M) with the same projection g G G{M). Hence, g~^ f G 55(Af, ker(Z?pg — ;■ 
Cg), and it is of the form exp(u') for some u' G tS^(M, ker(_Dpg — > C'fl))- The 
element u' projects to w G (0j>o ^\M) ® [/"*) = 5^(M,ker(i:)fl -> Cg). Then, 
g~^ fi'p{u)~^ projects to the group unit in SQ{M,'ker{DpQ —^ Cg),l). Hence, it 
is of the form exp(/3 (g) c) for some /? G ^closed (-^)- -f'^'" *^^ element / we obtain 
/ = /ip(mg,o,a) exp(/3 (g) c)t'p(u) = ^p(mg^o,a+/3Vp("): as required. 

For the second statement, the natural projections pG{M) -^ G{M) and DpG(M) - 
DG{M) are forgetful maps with respect to differential forms a G 51^"^^ (Af). This 
implies commutativity of the diagram announced in the Proposition. D 

6.5. Torsors and obstructions. A torsor over the sheaf of groupoids Q{M) is 
a principal G-bundle over M with a choice of a principal g-connection. More ex- 
plicitly, if Ui is an open cover of Af , a (descent data for a) ^(Af)-torsor on M is 
defined by a choice of local g-connections Ai G fl^{Ui) (g) g and of the gluing maps 
9ij • ^ij ~^ ^ such that gtj is a cocycle, and Aj — Af^' . 

Theorem 7. Let T be a Q{M)-torsor over M with underlying principal G-bundle 
P. It lifts to a Qp{M)-torsor if and only if the Chern-Weil class cw{p) — [p{F)] of 
P vanishes. 

Proof. A lift of a ^(Af)-torsor to a ^p(A/)-torsor amounts to a choice of a Cech 
cocycle atj G r2^"~^(t/y) such that daij = ep{Ai,FAi) — ep{Aj,FAj). Assmue that 
such a cocycle exists. Since the Cech cohomology 7J^(r2^"~^(Af)) vanishes, there 
exist (for a sufficiently fine cover) local forms f3i G il^"^^(C/i) such that a^ = f3i—(3j. 
Then, the local forms ep{Ai,FAi) — df3i — ep{Aj,FA) ~ d(3j define a global section 
of r2^"~^(Af). The de Rham differential of this globally defined differential form 
is d{ep{A^,FAi) - dPi) = dep{Ai,FAi) = p{FAi)- Hence, cw{p) = [p{Fa,)] = in 
H^'-'iM). 

In the other direction: if [p{FAi)] — 0, there is a differential form 7 G fl^'^~'^{M) 
such that d'j = p{FAi) on Ui. Let oji = ep{Ai,FAi) — 7 G n^^^^^{Ui). We have 
duji = 0, and if the cover is sufficiently fine we find pi G fl^'^~'^{Ui) such that 
d/Si = uji. Put aij = Pi — j5j. We have, 

dctij = Wi -Uj = {ep{Ai,FAj - 7) ~ {ep{Aj,FAj -7) = ep(Ai,FA,) -ep{Aj,FAj), 
as required. D 
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The groupoid morphism /i : Q{AI) — ?> DG{M) can be used to map ^(Af )-torsors 
to Z?G(Af )-torsors. Since its lift fip is equal to identity on f^^i"7ed (^®® Proposition 
[T5)) . the obstruction to lifting the corresponding Z3G'( Af)-torsor to a DpG(Af )-torsor 
is again cw(p). 

Finally, let us describe general Z?G(Af)-torsors. It is enough to notice that 
DG{M) is an extension of G{M) by a sheaf of nilpotent groups and that this sheaf 
is acyclic (this follows from the acyclicity of the kernel of Dq -^ Cg). Therefore, 
the classification of I?G (A/)-torsors is the same as the classification of principal 
G-bundles (G(Af)-torsors). We thus have the following result. 

Theorem 8. The classification of DG{M)-torsors is the same as the classification 
of principal G-bundles; the correspondence is given by the morphism DG{M) -^ 
G{M). The obstruction to lifting a DG{M)-torsor to a DpG{M)-torsor is exactly 
the Chern-Weil class cw(p). 

7. Groups integrating current algebras CA{M, A) 

The purpose of this Section is to construct groups integrating current algebras 
CA{M,A). The construction is similar to the integration methods in [10] and J13j . 

7.1. Integration of C^( A/, A). We will need the following notation: for an embed- 
ding of manifolds f :Y ^ X,we denote n(X,Y) := ker(/* : n{X) -^ n{Y)) (this 
complex is quasi-isomorphic to the standard relative de Rham complex). Note 
that SAiX,Y,A) = {n{X,Y) ® A)°^^^^^ is a Lie subalgebra of SA{X,A), and 
{n{X, Y) (g) A)°^act C SA{X, A) is a Lie ideal. 

Proposition 18. Let I ~ [0, 1] be the unit interval with coordinate s. The map 
T : a h-> d{sa) induces a Lie algebra isomorphism 

(22) CAM, A) . SAiM.I,M.{,},A)^ 

^n{M X I,M X {0, 1})(»a) 



Proof. The map r is well-defined since T{duj) — d{sduj) — -'d{ds A lu), and ds A uj 
vanishes when restricted to Af x {0} and Af x {1}. To show that r is an isomorphism 
of vector spaces, observe that the fiber integral A i— > J, A is an inverse of r. Finally, 

T is a Lie homomorphism since for a, /3 G (Jl{M) A) we have 

r([a,d/3]) =d(s[a,d/3]) = [d(sa),d(s/3)] -I- d[sa, d((l - s)/3)] = [d{sa),d{s/3)]. 
Here we used that [sa,d{{l — s)/3)] vanishes on M x {0} and M x {1}. D 

We can reformulate the isomorphism (f22|) as follows. Let a path in SA{M, A) be 
an element 7 G SA{MxI, A). Theendpoints of 7 are the elements 7|j\/x{o}:7|mx{i} S 
SA{M,A). Let 70,71 G SA{M x I, A) be two paths with the same endpoints eo 
and ei, i.e. such that 

7o|j\/x{o} = 7i|mx{o} = eo and 7o|Afx{i} = 7i|Afx{i} = ei- 
A homotopy between 70 and 71 is an element x G SA{M x I x I) such that 70 — 
x\mxIx{o}, 71 = xImx/x{i}, and x|mx{o}x/ is the puUback of eq and xImx{i}x/ 
is the pullback of ei under projection M x I ^ M. 

Equation ([22]) says that CA{M, A) is isomorphic to the Lie algebra of paths 
in SA{M,A) starting at G SA{M,A), modulo homotopy of paths. Indeed, for 
71 = 70 + rf/i the desired homotopy is x = 7o + d(t/x) (here t is the parameter on 
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the unit segment). In the other direction, if x is a homotopy interpolating between 
70 and 71, we have 

71 - 70 = d /x e h{M xI,Mx {0, 1}) ® aY 

J t ^ ' exact 

as required. 

In the same way, we can introduce paths and their homotopics in 5^(Af, A, G). 
The group CQ{M, A, G) is then defined as the group of paths in SQ{M, A) starting 
at the group unit, modulo homotopy of paths. Again, it depends on the choice of 
a connected Lie group G integrating the Lie algebra g = ^closed- 

Remark. Let {A, G) — s> (i?, H) be a morphism of pairs consisting of a DGLA 
homomorphism A ^>- B and a group homomorphism G ^ H integrating the Lie 
homomorphism q ~ ^closed ~^ ^closed ~ ^- Then, similarly to the SQ functor, we 
obtain a group homomorphism CQ{M, A, G) — ?> CQ{M, B, G). For example, consider 
the DGLA homomorphism D.pQ -^ Afms- Note that {AFMs)"\oscd - "^ W^Sciorod- 
If G is a connected Lie group integrating g, the Lie algebra Apjyjg integrates to the 
semi-direct product H = G t< M^Sciosod- Obviously, we have a morphism of pairs 
{DpQ,G) — )► {ApMS,H). It induces a group homomorphism CG{M,DpQ,G) -^ 
Cg{M,AFMS,H) from Cg{M,DpQ,G) to the group CG{M,Afms,H) integrating 
Faddeev-Mickelsson-Shatashvili (FMS) current algebra (for details about the group 
integrating the FMS current algebra see the book [12]). The image of this map is 
the group CQ{M,Bfms,G) integrating the truncated FMS current algebra (here 
Bfms = i^{DpB -^ Afms) and im(G' ^ H) = G). 

7.2. The case oi A — DpQ and M a sphere. In this Section we restrict our 
attention to examples oi A = Gq, Dg, DpQ and M = S" a sphere. Let us introduce 
the shorthand notation G{M) = Cg{M,Gg,G), DG{M) = Cg{M,DQ,G), and 
DpG{M)=Cg{M,Dpg,G). 

Proposition 19. Let G be a simply connected Lie group. Then, there is an exact 
sequence of groups, 

1 ^ 7r„+i(G) ^ G(5") -> G(5") ~> 7r„(G) ^ 1. 

Proof. The group G{S") consists of paths gt in the group G{S") which start at the 
group unit {go — 1) modulo homotopy. Note that 7ro(G(5")) ^ 7r„(G) and, if G is 
simply connected, 7ri(G(5'")) = 7r„+i(G). This implies the exact sequence in the 
Proposition. D 

Proposition 20. Let G be a simply connected Lie group. Then, there is an exact 
sequence of groups, 

1 -> 7r„+i(G) -> DG{S") -> DGiS"") -> 7r„(G) ^ 1. 

Proof. The group DG{S'^) can be described using the bijection ((T8)) . Let us define 
paths and their homotopies in ®,j>o^'(-^^) "^ ^~* ^^ ^^^ same way as above. In 
this sense, ®i>o^'(^^) '^ ^ * ^^ 1-connected. We infer from (|T8)) that there is a 
bijection 



DG{M) ^ G{M) X I Vt\M) ® U' 



\i>0 
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Together with the exact sequence of the Proposition [TH it imphes the required 
exact sequence. D 

For p e (S'"0*)0, let -qp = ep(6',0) G r22"-i(G) be the bi-invariant differential 
form on G defined by transgression, and 11 : 7r2n-i(G) — > R be the group homomor- 
phism defined by the integration map: C *-> /^?7p. The image of 11 is a subgroup 
of K. Wc will be interested in the quotient R/im(n). lip G {{S+Qj^f, then rip ^ Q 
and the quotient is equal to R. If g is a Lie algebra of a compact simple Lie group, 
and p is a generator of [SqY of degree rrii + 1 (here rrii is one of the exponents 
of g), and the multiplicity of nii is equal to one (this is always the case with the 
exception of one of the exponents of the group SO{2n)), then R/im(n) = S^. 

Theorem 9. Let p G (5'"0*)s. Then, there is an exact sequence of groups 

1 -^ R/im(n) -^ I)/?(S'2"-3) ^ DG{S^''-^) -> 1, 

where R/im(n) is a central subgroup. 

Proof. The bijection (|21l) implies the bijection 



D^{M) ^ pG{M) X I n'{M) W^ 



\i>0 / 

where pG{M) stands (as usual) for the set of paths in pG{A4) starting at the group 
unit modulo homotopy. 

For M = S'2"-3, fi2«-2(5.2n-3) ^ Q g^^^ therefore pG(S'2"-3) ^ G(S'2"-3) a 

path in pG(S'2"-3) is a pair (gt, a) where gt : S^"-^xI ^ G and a G f72"-2(S'2"-3 x 
/). Since a is a top degree form, there are no conditions imposed on it and the 
group homomorphism DpG{S^'^^^) — > DG{S^"^^^) is surjective. 

Let us determine the kernel of the group homomorphism DpG{S'^"^^) — > DG{S^^' 
or equivalently, the kernel of the map pG{S^"^~^) -^ G(S'^"~'^). It consists of homo- 
topy classes of paths in pG{S^^^~^) of the form (1, a), where a G ri^"^^(S'^"^'^ x /) 
and 1 denotes the constant map to 1 G G. A homotopy between two such paths 
(1, ao), (1, ai) is a pair {h, 13), where /i is a map h : ^^n-a x I x I ^- G such that 
/i|s2r.-3xa(/x/) = 1 and /3 G Jl2""2(S'^"~3 x 7 x 7) is such that df3 + h*r]p = 0, and 
^ls2"-3x{o,i}x/ = 0, ^|s2"-3x/x{o} = "0, ^Is2"-3x/x{i} = "i- The Stokcs theorem 
implies 

/ (ai - ao) = - / h*rip G im(n). 

I the other direction, let (l,ao) and (l,ai) be paths in pG{S'^'^~^) such that 
/52n-3x/("^i ~ "^o) = n(a) for some a G 7r2,i,_i(G). Choose a smooth map h : 
g2n-3 X I X I ^ G, /i|52n-3x9(/x/) — 1 representing the class (—a). Then, there 
exists a differential form /3 G 0^""^(5^"~'^ x 7 x 7) such that {h, (3) is a homotopy 
between the paths (l,ao) and (l,ai). 

As a result, two paths (l,ao) and (l,ai) are homotopic if and only if 



/ (ai -ao) e im(n). 

J52„-3x/ 



The kernel of the map 7?pG(S'^" ^) — > DG{S^^ ^) is therefore isomorphic to 

R/im(n). 

D 
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7.3. Example: central extensions of loop groups. Let g be a Lie algebra of a 
simple simply connected compact Lie group G, and let p G (5^g)^ be a nonvanishing 
element (note that (S'^g)^ = M)). In this case, M/im(n) ^ S^. 

Taking M — S^ in the discussion of the previous section, we observe the follow- 
ing. Since tti{G) ~ tt2{G) ~ 0, we have G{S^) = G{S^). In this very special case, 
we have CA{S\Dq) = CA{S\Cq), and DG{S^) = G{S^). Finally, for D^{S^) 
we obtain an exact sequence of groups 

Proposition 21. The group DpG{S^) is the standard central extension of the loop 
group LG = G{S^). 

Proof. Let us recall the construction of the standard central extension LG of the 
loop group LG. Normalize p G (S'^g*)^ (which is unique up to multiple) by the 
condition im(n) = Z, and by requiring p to be positive-definite. Denote by D^ 
the unit 2-dimensional disc. First, one introduces a central extension G{D^) of the 
group G{D'^) by C/(l). As a set, G{D'^) is the direct product G{D'^) x U{1), and 
the group law is given by formula 

igi,ui){g2,U2) = (^5ig2,'«iU2exp(7ri / ^p{g^'^dgi,dg2g2^))- 

Note that the integrand is (up to a factor of 27ri) the pull back of the 2-form pp 
under the map {gi, g2) ■ D^ ^ G x G. 

Next, one introduces an equivalence relation on G{D^): (gi^ui) ^ (32,^2) if 
there exists a homotopy h : D^ xl -^ G between gi and (72 relative to the boundary 
S^ of D^ , such that U2 = ui exp J„2x/ ^*^p- The group LG is then defined as the 
quotient of the group G{D'^) by the equivalence relation ^. 

Equivalently, LG is quotient of the group CpG{D^) — SQ{D^,CpQ,G) by the 
following equivalence relation: (171, wi) and ((72,^2) are equivalent if there exists 
a homotopy (/i,x) G CpG{D^ x /) between {gi,uji) and (.92,1^2) relative to dD^. 
Indeed, the map CpG{D'^) — )■ G{D'^)G given by (g,a) n- (g, exp27ri /^2 a) is a 
surjective group homomorphism, and two elements of GpG{D^) are equivalent if 
and only if their images are equivalent. 

Let us introduce a modification G'(D^) of G{D^): in its definition we replace 
the group G{D'^) by the subgroup of G{S^ x I) of maps g : S^ x I ^- G such that 
9\s^x{o} = 1; i-C- by the group of paths in G(S^) = LG starting at 1 G G{S^). We 
also replace the homotopies h by homotopies of paths. Then, it is easy to see that 
G'{D^) modulo the equivalence is again equal to LG. Equivalently, it is the group 
of paths in CpG{S^) starting at 1 modulo homotopy, i.e. the group CQ{S^ , CpQ, G). 
Hence, LG = Cg(S'i,Cp0,G). D 
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